Measurement of dispersion curves of circumferential guided waves radiating from curved shells: Theory and numerical validation.
have been studied in [6, 9, 10] . In particular, in the case of a circular cylinder of radius 23 a, the wave front equation have been shown to be an involute of a circle of radius (a sin β) 24 with the same center as the cylinder [11] . Figure 1 The aim of this paper is to describe a method to evaluate the dispersion curves of cir-27 cumferential guided waves in thin shells of arbitrary geometry immersed in a fluid, observed al. [12] for thin circular cylindrical shells, based on the time reversal of the waves radiated 30 in the fluid by the circumferential waves. Building on the later, Prada al. [13] were able to 31 measure several lamb modes dispersion branch by applying the DORT method (a French 32 acronym for Décomposition de l'Opérateur de Retournement Temporel ), taking advantages 33 of the analysis of the iterative time reversal operators [14] . In particular, the DORT method 34 allowing the separation of the different contributions in the case of multi-modal propagation 35 of the circumferential waves. Experimental application was successfully conducted on a thin 36 cylindrical steel shell [12, 13] and on a thicker cylindrical bone mimicking phantom [15, 16] . 37 The later work on a bone mimicking phantom was motivated by the potential to measure the 38 properties of the cortical shell of the femoral neck by an ultrasound scanner, in the context 39 of osteoporosis fracture risk assessment. In order to accommodate the complex geometry of 40 the femoral neck, the method of measurement of circumferential waves was first extended 41 from circular shell to a particular case of elliptic shells where the major axis of the ellipse 42 is parallel to the transducer array [17] . In the present paper, the basis of the method is 43 revisited and a generalization is proposed to evaluate cylindrical objects, the external cross 44 section of which can be circular as in [12, 13, 15] , elliptic, or of arbitrary geometry. 45 The method introduced in this article processes the wavefront radiated in an acoustic medium 47 by a circumferential wave to recover its phase velocity. It can in principle be applied to any 48 cylindrical shell of arbitrary cross section. For the purpose of illustration the details of the 49 configurations given below will be used throughout the remaining of the article.
50
Three different cylindrical shells will be considered 51 • A circular shell of radius a=10 mm;
52
• An elliptical shell of major semi-axis r 1 =10 mm and minor semi-axis r 2 =7.5 mm, with 53 the major axis oriented parallel to the array (α = 0 • );
54
• The same elliptical shell, but with its major axis oriented at an angle α = 30 • .
55
In the case of the ellipses, α denotes the angle between the major axis and an axis parallel 56 to the array. For all the cases, the thickness of the shell is constant and taken to e=1 mm.
57
With the typical mean radius of the shell a=10 mm, the ratio e/a is small (weak curvature 58 of the shell). As a consequence, the properties of the circumferential guided modes will be 59 close to those of the leaky Lamb modes in a plane plate [18, 19, 20] . With the frequency 60 range of interest centered around f 0 =1 MHz (ke 4 in water), three Lamb modes will be 61 observed. The external fluid surrounding the shell is water, and the shell is considered as 62 filled with air. The chosen properties of the medium constituting the shell are close to those 63 of the cortical bone [21] (table 1). fig. 3 ). If the assumption is 78 made that the receivers are located toward the infinity in the left, the distance d between 79 these virtual sources is linked with the phase velocity c ϕ with the relation
64
c 0 denoting the celerity in the surrounding fluid and a the external radius of the cylinder.
81
The same argument as in [12] has been applied to the case of an elliptic shell with major 82 semi-axis r 1 and minor semi-axis r 2 , and which major axis is parallel to the transducer array [17] . This leads to the explicit relation (2)
linking the dimensions of the ellipse r 1 , r 2 , the celerity c 0 in the surrounding fluid, and the 85 distance d between the two focal spots obtained by time reversal. In particular, the result 86 of eq.(1) for the circular shell is retrieved when putting r 1 = r 2 = a in eq (2).
87
In the case of an elliptic shell with an arbitrary orientation compared to the array, or in 88 the case of a shell of arbitrary cross section, the derivation of a relation such as eq. (2) is 89 much more complex. In particular, the symmetry with respect to the horizontal axis is lost, 90 which imposes the upper and lower parts of the shell to be considered separately. Moreover 91 in equations (1) or (2), the assumption is made that the transducer array is located at an 92 infinite distance, so that the radiation of the circumferential wave is considered to be parallel 93 to the horizontal axis, which is obviously not the case, in particular for the receivers located 94 at the edges of the array. These limitations are addressed in the rest of the paper.
95

IV GEOMETRICAL MODEL OF THE RADIATED WAVEFRONT
96
In this section we develop a model to describe the radiation of circumferential guided waves 97 using geometrical acoustics. A Description of the shell 99 We consider a thin cylindrical shell of arbitrary cross section, the edge of which is described 100 by the polar curve ρ(θ) (see fig. 4 ). It corresponds to the Cartesian coordinates
The external normal vector n for each point of the shell is defined by the relation
where the denotes the derivative with respect to θ. n can also be defined by its orientation 103 γ relative to the horizontal axis x (see Fig. 5 ), expressed as
Finally, the arc length s(θ 1 , θ 2 ) between two points of the shell defined by the polar angles 105 θ 1 and θ 2 is
Figure 5: Direction of the radiation k + and k − for a circumferential wave propagating counterclockwise and clockwise.
B Wavefront equation 107
We consider a circumferential guided wave propagating at the phase velocity c ϕ and frequency 108 ω around the shell. This guided wave radiates in the surrounding medium at the angle β.
109
The radiated wave has the velocity c 0 in the surrounding medium. As the circumferential angles θ in [0; 2π], the coordinates of the radiated wavefront F + (t, θ) for a counterclockwise 120 circumferential wave is (eq. (7)):
In the two formulations (7) and (8) The radius of curvature R c of these curves is defined from the derivatives of its coordinates 128
x(t, θ) and
where and denote the derivatives with respect to θ. The internal normal vector N int of 130 the curve is defined for each point (x(t, θ), y(t, θ)) by equation (10) 131 N int (t, θ) = 1
It is then possible to determine the centers of curvature C + (t, θ) and C − (t, θ) for each
In the case of a circular shell of radius ρ(θ) = a, we have γ(θ) = θ and s(0, θ) = aθ. The Green's function in the far field approximation (eq. (13))
Adding the fields Φ i for each emitter of the array leads to a time-reversed focal spot. is at x = 0, referred to as the x 0 -axis in the following. Here, it is important to note that the 182 method introduced in [12, 13] assumed that time-reversed signals of radiated circumferential 183 waves focus on the x 0 -axis, which is consistent with the results of figure 9-a. On the contrary, intersection between the C 0 -curve and a focal spot.
225
The method involving the use of eq. (1) and (2) can also be used but only in the case 226 (a) and (b) of figure 10, where the shell is symmetric relative to the x-axis. In this case it is 227 sufficient to calculate the back-propagated wavefield on the x 0 -axis, measure the distance d 228 between the two focal spots and apply the analytic equations to recover the phase velocities.
229
This much simpler method will be referred as the "x 0 method" in the following. In the case 230 of a circular shell (fig 10-a) , the C 0 curve is very close to the medium axis of the shell x 0 . In 231 this case the use of the x 0 method may be sufficient to compute the dispersion curve. In the 232 case of the elliptic shell with a major axis parallel to the transducer array (fig 10-b) , as the 233 C 0 curve is rather different from the x 0 curve, the x 0 method may still be practicable but 234 will provide different results. In the general case of shell with arbitrary cross section, the x 0 235 method is not practicable. 
246
The configuration of the simulations is the same as described in section II.
247
In order to perform the Singular Value Decomposition (SVD) needed by the DORT 280 Figure 14 presents the results for an elliptic shell with its major axis parallel to the 281 transducer array. Significant discrepancies are found between the results of the x 0 -and C 0 -282 methods, especially for the higher velocities (A1 mode). The results from the C 0 method 283 are closer to the reference theoretical curves than those of the x 0 method. They are within 284 10% of the reference values.
285
For an elliptic shell with an arbitrary inclination the x 0 method is not available (Fig. 15 ). have to be generated in the shell by the incident wave from the transducer. Some modes of 306 circumferential may not be excited and thus their associated branches in the dispersion curve 307 will not be estimated. Second, the circumferential waves also have to propagate around the 308 shell and radiate in the surrounding medium. This may induce an important attenuation: if 309 the attenuation is too important the circumferential wave will not be able to circle around 310 When considering a geometry of shell, it is important to look at the shape of the C 0 -curve, 312 and in particular at the distribution of the velocities along this curve. In practice, if the C 0 313 points corresponding to different phase velocities are too close, the focal spots of the time 314 reversal process will not be able to distinguish between them. Therefore, the orientation of 315 the shell relative to the position of the array is important : an orientation which leads to the 316 C 0 points the more spreaded in space as possible is preferred. In any cases, the resolution 317 for lower velocities is much better than for the velocities greater than 3-4 km.s −1 . Another 318 limitation is that all the dimensions and the relative positions have to be known precisely, as 319 a small error in the position of the C 0 -curve (<1 mm) may lead to a difference greater than 320 500 m.s −1 .
321
For the non-circular cases, e.g. fig 14 and 15, the maximal error with the reference value 322 is about 10% for high velocities. As the results obtained with the circular shell are excellent, 323 this error cannot come from the simulation tool used, nor from the fact that the curvature 324 of the shell is neglected in the reference value (Lamb waves in a plane plate). The origin of 325 the error is still not fully explained and has to be investigated further.
326
The method presented here can be useful in medical applications, for example to evaluate 327 the mechanical properties of bones like femoral neck in vitro or in vivo where the cortical 328 (compact) part of the bone can be considered as a shell of varying geometry, thickness and 329 properties, immersed in a fluid. Some industrial application may also be found as the method 330 is suitable for a non contact inspection and evaluation of any tubular component, like pipes 331 for instance. 332 1 Geometrical construction of the radiated wavefront by a circumferential wave
